ABSTRACT.
1. Introduction.
In [5] , Jónsson showed that the variety of all lattices satisfied the (strong) amalgamation property and in [7] Pierce proved the similar (weak) version for distributive lattices. Grätzer, Jónsson and Lakser supplied the first negative results in [3] by showing that the only varieties of modular lattices that satisfied the amalgamation property were varieties of distributive lattices (there are two such varieties, T = £(z = y) and V). This result is crucial in that it forces A5, the pentagon, into any nondistributive "V satisfying (AP). Using this fact and the description of primitive lattices from Jezek and Slavik [4] , Slavik, [8] , showed that such a nondistributive variety, "V, satisfying (AP) must contain all primitive lattices. In this paper we complete the process started by Slavik, though by slightly different methods, and show that "V -Ü.1
Slavik's approach involved ingenious arguments using his notion of A-decomposability. This notion defines when a lattice, L, has to be the amalgamation of two proper sublattices, Si and S2, thus providing an inductive procedure to force larger lattices into "V. Our first result is a complete characterization of this important idea. Slavik then used A-decomposability on the construction procedures for primitive lattices to produce his results. We apply it to S, the class of so-called bounded lattices introduced by McKenzie in [6] . By Day [1], we have that HSP(S) = L and by Day [2] , all members of S are generated by the interval construction from the lattice, 1. Our second result implies that for L G S, if L G "V then L\I) € "V, and this completes the proof that "V = £.
The authors are indebted to V. Slavik and J. B. Nation for stimulating discussions on this problem.
A-decompoaibility.
In this section we characterize Slavik's important notion of:
(2.1) DEFINITION [8] . Let L be a finite lattice and let Si and S2 be proper Note that for x e Si\S2 and y G S2\Si we have:
(1) x A y < 0:2(1) < x or x A y < Qi(y) < y, PROOF. Easy induction gives xn G Si and yn G S2 for each n as well as Xn,yn £ IxV ly-However the union is clearly an (Si, S2)-ideal.
If o is covered by b in L we call a (resp. 6) a lower (resp. upper) neighbour of b (resp. a). We let LN(a) (resp. UN(a)) be the set of all lower (resp. upper) neighbours of a.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Conversely assume the three conditions hold and take lattice monomorphisms fi'.Si>-*Z with /1 \ S = /2 \ S. We must show g = /1 U ¡2 is a monomorphism. Claim 1. x < y implies g(x) < g(y). Assume x G Si\S2 and y G S2\Si. By 0(Si, S2) there is a z G S with x < z < y.
Moreover one of these inequalities must be strict. Therefore g(x) < g(z) < g(y) with one of these inequalities strict, hence g(x) < g(y).
Claim 2. g(xVy) = g(x)Vg(y).
We need only consider the case where x G Si\S2 and y G S2\Si. By easy induction we obtain g(x) V g(y) = g(xn) V g(yn) for all n.
Now if xn,yn < x V y for all n, there exists A; with Xk+i = xk G Si\S2 and yfe+i = yit € S2\Si. Therefore Oi(yfc) < xk and a2(xfc) < yk. By 2.4(1) we get it A ¡/t € {oti(yic),ot2(xk)}. Hence xk A yk G S by 2.4(3). Now 2.4(2) supplies the contradiction to UN(Si,S2).
Therefore for some n, xn -x V y > y" and 9WV9(y) = <7(xVy).
C/oi'm 3. g(x Ay) = g(x) A g(y). By duality.
Therefore g: L -» Z is indeed a lattice monomorphism and L = A(Si,S2).
The above characterization makes it trivial to obtain certain properties of Adecomposable lattices. 3. "V = £. Let "V be a nondistributive variety of lattices satisfying the amalgamation property. By [3] we have A5 G "V. We wish to show "V = £. Since our proof requires only that N$ G "V it would be of interest to have an elementary proof (as opposed to [3] ) that if "V satisfies (AP) and M3 G "V then N$ G~V. Such a proof is not known to the authors. PROOF. P does not satisfy (SAP). Whether or not T has the strong amalgamation property depends directly on whether or not the empty lattice, <p, is allowed.
If <pG T, then 4> <-* {x} f {y} has no strong amalgamation in T.
